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This work focuses on the Lacunar Canalicular Porosity (PLC) of cortical bone which includes the osteons. Osteons are 
semi cylindrical porous structures saturated with fluid within the bone and are approximately 250 micrometers in diameter. 
The outer boundary of the osteon is called the cement line. Some studies suggested that the cement line is less highly 
mineralized and produced evidence that it has less calcium and phosphorus and more sulfur than the neighboring bone 
lamellae.  Most authors assume that the cement line is impermeable, while others assume that some canaliculi are crossing 
the cement line which will make it permeable to certain degree. The objective of this work is to develop a theoretical analysis 
to study the leakage through the cement line and its relationship with the pore pressure distribution. The theoretical analysis 
is developed using our previous analysis for osteon under harmonic loading with addition of leakage parameter.  The leakage 
parameter varies from 0 to 1, where a value of 0 indicates free flow through the cement line and a value of 1 indicates no 
flow through the cement line.  Experimental results could be compared to this developed theoretical solution to get in depth 
understanding of the effect of leakage on osteon poroelastic properties. Additionally, the developed theoretical solution will 
give insight into sensitivity of osteon pore pressure to leakage through the cement line. .  
Keywords: Cement line, osteon permeability, osteon leakage 
1. Introduction
1.1 Bone microstructure 
Any attempts to understand and model the biomechanical properties of bone must be firmly rooted 
in knowledge of the structure of bone on both the ultrastructural and microstructural levels of 
organization (Figure 1). Mechanical properties of bone are determined by a multiplicity of materials 
and structural properties such as tissue mineralization, size and composition of mineral crystals, 
anisotropy …etc. Time varying mechanical loads applied to bone generates fluid pressure gradients 
in the lacunar canalicular porosity (PLC) that contributes to the interstitial fluid flow and the 
transport in the PLC. The interstitial fluid flow is important for cellular nutrition and waste removal, 
and it is a critical factor in osteocyte mechanotransduction.  
The pore sizes in cortical bone are approximately three discrete sizes; the largest pore size 
(approximately 50 µm diameter) is associated with the vascular porosity (PV), the second largest 
pore size (approximately 0.3 µm diameter) with the canaliculi in the lacunar-canalicular porosity 
(PLC) and the smallest pore size (approximately 10 nm diameter) is the collagen-apatite porosity 
(PCA). The typical pore size of the vascular porosity channels is not the blood vessel pore size; 
rather it is the size of the tubular tunnels (osteonal systems or osteons and Volkmann canals) 
containing the blood vessels, the arterioles and the venules, and considerable extra pore fluid space 
that contains no blood vessels. The interstitial pore fluid in the collagen-apatite porosity (PCA) is 
considered to be bound to the solid structure and the PCA is not of interest in the present 
considerations. Thus, the two pore size structures of interest in the flow of bone pore fluid are the 
vascular porosity (PV), and the lacunar-canalicular porosity (PLC) - osteons; the ratio of the pore 
sizes is approximately 167. Osteons can be found in long bones of some animals and all humans. 




Figure. 1. A cartoon of the midsection of a long bone with one of the many osteons (250 micrometers in diameter 
approximately) highlighted for illustration. Both the midsection of the long bone and the osteon are idealized as hollow 
circular cylinders. The hollow zone of the smaller cylinder is the osteonal or the Haversian canal. The interior of the 
hollow circular cylinder contains the PLC.  
1.2 The cement line 
The cement line can be described as the outer domain of the osteon. Researchers suggested that the 
cement line is less highly mineralized and produced evidence that it has less calcium phosphorus 
and more sulfur than the neighboring bone lamellae 5. However, there is an agreement that there is 
less collagen in it. Osteon diameter in average is 250 micrometers. Canaliculi are passage ways 
between the cells that cover the osteonal canal and the lacunae. Viscous-like motion at cement lines 
between osteons might be responsible for a portion of the viscoelasticity in bone particularly at long 
times and low frequencies 6 as ascertained experimentally in bovine bone 7 and in human bones 8. It 
is not easy to determine whether the boundary formed by the cement line is permeable or not. 
However, many authors assumed that the cement line is impermeable 9,10. Some recent evidence 
shows that some canaliculi cross the cement line. These crossings conflict with the assumption of 
impermeability. The canaliculi might be crossing where there is an isolated osteocyte on the other 
side, as a result of bone remodeling. Also, the canaliculi might be crossing to communicate with a 
neighboring osteon to complete a whole bone cell network. An earlier theoretical study by Wang 11 
concluded that it made little difference if the boundary is assumed to be impermeable or fully 
permeable in the global prediction of physiological significance.  
1.3 The Unconfined Compression 
The problem of unconfined compression of porous disks compressed between two parallel rigid and 
impermeable smooth plates in order to determine the soft tissue’s permeability and some of its 
elastic constants has been under investigation by many authors in the last few decades 12,13,14,15. The 
impermeable frictionless plates would allow flow only in the radial direction in the unconfined 
compression experiment. The specimen contact with the plates is assumed to be frictionless, so the 
deformation is expected to be independent of z. Typical unconfined compression tests are 
accomplished by imposing either a step in end plate displacement, which would constitute a stress 
relaxation test, or a step in total applied end force load may be applied, which would constitute a 
creep test. 
2. Materials and Methods 
For the analysis of soft materials the assumption that the fluid and solid constituents of the 
poroelastic medium are both incompressible is reasonable. However, in the case of hard biological 
tissues the constituent incompressibility assumption is no longer reasonable because the effective 
bulk modulus of the poroelastic solid constituent is almost an order of magnitude stiffer than that of 
the poroelastic fluid constituent, thus the solid constituent shields the fluid constituent from stress. 
Therefore, compressibility will be assumed. Transverse isotropy appears to be more realistic in 
modeling deformation of porous cylindrical disks and many authors have used it successfully. The 
analytical approach (see Ref. 16) derived a detailed solution for three types of annular porous disks 
under unconfined compression based on their boundary conditions. These boundary conditions are: 
(i) free fluid passage across the outer and inner cylindrical boundaries of the disk; (ii) free fluid 
passage across the outer cylindrical boundary and no flow across the inner boundary (i.e. zero 
pressure gradient); (iii) free fluid passage across the inner cylindrical boundary and no flow across 
the outer boundary. The first (i) and the third (iii) boundary conditions will fit nicely into our 
investigation of the cement line permeability. Curve fitting the boundary conditions (i) and (iii) to 
the experimental testing of the two osteon types will give good insight into the cement line 
permeability.  
The general formulation of the mathematical problem for compressible poroelastic hollow circular 
cylinders has been described earlier 16,17,18.  The porosity level is designated as L as shorthand for 
PLC. The formulation is based on the following assumptions concerning the functional dependence 
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have the functional dependencies indicated below (see Ref. 17, Eq. (47), Ref. 16, Eq. (1)) 
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the specific solutions sought are for uLω(r), pLω(r), and ζLω (r)). The non-zero stress components 
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where the components of Ĉ
d ,L
are the components of the drained elasticity tensor at the PLC 
porosity level and Â
L
 are those of the Biot effective stress coefficient vector at the PLC porosity 
level. The values of these coefficients and others used in demonstrating the results in this paper are 
given in Table 1. Table 2 contains formulas relating the various coefficients used in the calculations 
that follow.  
Table 1: The material properties reported from different sources for the elastic moduli, Poisson’s ratios…etc. The superscript 
d reflects the drained properties and the superscript m reflects the matrix material properties. In the text the PLC is referred 
to by the superscript L.  The water compressibility (Kf) is 2.3 GPa, its viscosity   is 0.001 Pa.s, and the amplitude of 
0
  , 
the applied strain is 0.0001 17. 
Material Parameters PLC (L) 
1 2
d dE E    
15.17  GPa 
3
dE   
15.96  GPa 
12 21
d d    0.316 
31 32
d d   0.308 
13 23
d d   0.282 
1 2
m mE E    
18.6 GPa 
3
mE   
22.32 GPa 
12 21
m m   0.322 
31 32
m m   0.312 
13 23
m m   0.255 
outer radius (osteon) ro = 100 m  
inner radius (osteon) ri = 20 m  
porosity   0.05  
permeability Krr   2.2 x 10
-19 m2  
 
Table 2. The values of various bulk moduli and constants  defined for convenience, for case of transverse isotropy 
compressible material model 17. 
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The only equation of equilibrium that is not satisfied automatically is (see Ref. 17, Eq. (61), Ref. 












       (4)   
Substitution of the non-zero stress components (3) into the equilibrium equation (4) yields a result 
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  is a function of time obtained in the integration with respect to r and ˆ LrA    is the r 
component of the Biot effective stress coefficient. Since both the functions uL(r, t) and pL (r, t) in 
(1) are of the form of a product of a function of r times e
it
 we assume that the function of time 
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L
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 (see Ref. 17, Eq. (59), Ref. 16, Eq. (23)), one in terms of the variation in fluid content 
L  and the 
other in terms of the pressure pL. These expressions are needed in the diffusion equations (20) and 
(22) for 
L and pL, respectively 18.  To find ˆ ˆL A E  in terms of pL substitute (5) in (6) to obtain 
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L
 is introduced, 
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which are Eqs. (66) and (19C) in Ref. (17) - There is an error in equations (66) in Ref. (17) that is 
corrected in equation (10) above: specifically the last term in Eq. (33) is divided by 9 in Ref. 17. In 
the equations above the kernel letter K stands for a bulk modulus, the superscripts d and f indicate 
drained material and the fluid, respectively, m indicates the matrix material and the subscript Reff 
indicates the effective Reuss lower bound on the indicated bulk moduli. In the compressible, 
transversely anisotropic case, the expression for
L
J  is given by (see Ref. 17, Eq. (57)), 
, , , , ,
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Introducing the dimensionless radius or r  , the representation ( )( , )
L L i t
rp r t p e  from Eq. 
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Where I0 (x) and K0 (x) are modified Bessel functions of the first and second type respectively.  
Here we introduce the leakage parameter     which we will use to control the flow through the 
cement line. The range of the leakage parameter is 
  0 1        (20) 
Where the value of zero indicates free flow through the cement line, and the value of 1 indicates 
no flow through the cement line. Thus, the boundary conditions can be expressed as  
( , ) 0Lp a t      (21) 
(1, ) (1 ) (1, ) 0
L
Lp t p t 

    (22) 
Where a is the non-dimensional inner radius of the osteon. Eq. (21) indicates free flow through the 
Haversian canal (inner walls), while Eq. (22) indicates different degrees of flow based on the 
value of the leakage parameter.  
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Second boundary condition: 
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Substitute Eq. (24) into the first term of Eq. (25)  
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By integration, 
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Where c is the constant of integration. 
The radial stresses 
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Requiring in the inner boundaries the radial stresses to vanish will lead to  
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Substitution of the radial displacement into the equation above, 
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Now we require the effective stresses at the outer boundary (the cement line) is equal to zero 
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Which can be expanded and simplified 
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Multiply Eq. (32) by a2 
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Which can be reduced. Arrangements of terms after that will lead to,  
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Eq. (34) can be substituted into Eq. (24a) to obtain an expression for the pore pressure distribution 
in the osteon.  
We can simplify Eq. (34) to become 
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Where 
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Recall from Eq.(24), 
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To simplify assume 
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Eq. (30) will be expanded, 
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Now expand Eq. (34a) 
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Equation (40) above defines the last constant that need to be determined. Now Tables (1) and (2) 
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The relationship between the pore pressure and the dimensionless radius for different values of 
leakage parameter is shown in Fig. 2 below. The results for leakage paramour of values of 1 and 0 
are consistent with the results demonstrated in the literature) for no flow from the outer boundaries 
and free flow from the outer boundaries16. To get in depth understanding of the relationship 
between the leakage and the pore pressure, Fig. 3 is plotted based on the results of Fig. 2. The 
figure shows that the relationship between the pore pressure in the cement line and the 
corresponding leakage is quasi linear or not perfectly linear.  
 
Fig. 2: Variation of the pore pressure with the non dimensional radius of the osteon for 




Fig. 2: Variation of the pore pressure on the cement line with the leakage parameter  
 
4. Conclusion 
There are very few attempts to quantify theoretically the flow through the cement line. The 
method presented targeted specific type of load for specific conditions to determine the effect of 
leakage through the cement line. More experimental and theoretical work needs to be done to 
identify the sensitivity of the mechanical properties of the osteon due to change in leakage. 
Experimental work will be very challenging due to the small size of the cement line (less than10 
nm in wall thickness).  
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